Perturbative corrections to the Casimir free energy due to macroscopic roughness of dielectric interfaces are obtained in the framework of an effective low-energy field theory. It describes the interaction of electromagnetic fields with materials whose plasma frequency ωp determines the lowenergy scale. The naïve perturbative expansion of the single-interface scattering matrix in the variance of the profile is sensitive to short wavelength components of the roughness correlation function. We introduce generalized counter terms that subtract and correct these high-momentum contributions to the loop expansion. To leading order the counter terms are determined by the phenomenological plasmon model. The latter is found to be consistent with the low-energy description. The proximity force approximation is recovered in the limit of long correlation length and gives the upper limit for the roughness correction to the Casimir force. The renormalized low-energy theory is insensitive to the high-momentum behavior of the roughness correlation function. Predictions of the improved theory are compared with those of the unrenormalized model and with experiment. The Casimir interaction of interfaces with low levels of roughness is found to be well reproduced by that of flat parallel plates with the measured reflection coefficients at a distance that is slightly less than the mean separation of the rough surfaces.
I. INTRODUCTION
FIG. 1. Two semi-infinite slabs of the same material separated by vacuum. The low-energy electromagnetic properties of the material are described by a bulk-permittivity ε(ζ = iω) that only depends on the frequency of the electric field. In Cartesian coordinates the planar interface is at z = −a and the mean separation of the two interfaces is a. The surface of the rough slab is at z = h(x) where h(x) is a profile function that generally depends on both transverse coordinates x = (x, y). We develop a perturbative expansion valid for |h(x)| a with no restrictions on the profile other than that it be single-valued. h(x) in particular need not be as smooth as shown here.
free energy to leading order of the variance are derived. They differ from earlier results by the inclusion of a counter term that corrects uncontrolled high-momentum contributions to loop integrals. We obtain the limits of very large and very small correlation length as well as the ideal metal limit and determine the plasmon coupling at low energies by analyticity arguments. Sec. V develops the low-energy effective field theory of electromagnetic interactions with materials to one loop including generalized counter terms. We state the renomalization conditions that determine them. Sec. VI presents our numerical results and compares them to unrenormalized perturbation theory and experiment. Sec. VII is a summary of the approach. Basic ingredients and some detailed calculations are relegated to four appendices.
II. THE ELECTROMAGNETIC FREE ENERGY OF A ROUGH AND A FLAT MATERIAL INTERFACE
The present approach is based on Schwinger's low-energy effective field theory [3] for electromagnetism. The partition function in this model is a functional of the local dielectric permittivity tensor ε(ζ n , x, z) of the material and of an external polarization source P n ( x) = P (ζ n , x). It is the product of contributions from (independent) thermal modes [31] of the electric field to Matsubara frequency 1 , ζ n = 2π|n|T ≥ 0 for all n ∈ Integers .
The partition function formally is given by the functional integral,
Z T [ P ; ε] is the partition function of QED in axial gauge A 0 = Φ = 0 for a medium with local dielectric permittivity ε(ζ, x). In this gauge E n = ζ A n , B n = ∇ × A n and the current source j n = ζ P n . We consider the standard Casimir configuration of two parallel semi-infinite plates at an average separation a that is much less than their transverse dimension [1] . In the following we restrict the discussion to the configuration shown in Fig. 1 of two semi-infinite dielectric (metallic) slabs of the same material separated by vacuum, only one of which is rough, ε 3 (ζ) = 1 , ε 2 (ζ) = ε(ζ) = ε 1 (ζ) .
We forego the ability to address lateral Casimir forces. Which are finite and vanish if one of interfaces is flat. Lateral Casimir forces depend on cross-correlations of the two profiles. At separations a σ they are small and involve only low momenta. For corrugated plates they have been computed in [32] . We here are interested in the effect of profiles on the normal Casimir force. The physical interpretation and consistent subtraction of (potentially divergent) contributions will be our main concern.
The rough interface is assumed to be without enclosures and the deviation from a flat one at z = 0 is described by a single-valued function h(x) that satisfies 2 ,
h := A
−1
A dr h(r) = 0.
The point of reference for defining the separation a of the two slabs should be irrelevant. However, a consistent perturbative expansion is feasible only in the absence of so-called tadpole contributions. These vanish if the separation a is such that Eq.(4) holds. Eq.(4) in this sense defines the distance a between the interfaces. When the cross-sectional area A of the slab is taken arbitrary large, boundary effects can be ignored and the 2-point correlation function, 
is invariant under transverse translations. The roughness variance,
is a measure for the roughness amplitude. The dielectric permittivity function ε(ε, x) in this effective low-energy field theory is of the form, ε(ζ, x) = 1[ε 3 (ζ) + (ε 2 (ζ) − ε 3 (ζ))θ(z − h(x)) + (ε 1 (ζ) − ε 3 (ζ))θ(−z − a)]
where
is the deviation due to the roughness profile h(x) from the dielectric permittivity of a transversely homogeneous medium given by, V (ζ, z) = 1[ε 3 (ζ) + (ε 2 (ζ) − ε 3 (ζ))θ(z) + (ε 1 (ζ) − ε 3 (ζ))θ(−z − a)] + δV h (ζ, z) .
We shall argue that the counter term δV h (ζ, z) to the dielectric permittivity of three flat slabs is necessary for a consistent perturbative expansion in the framework of a low-energy theory. δV h (ζ, z) depends on gross properties of the profile h(x) but not on the transverse position x nor on the separation of the two interfaces. This counter term ensures that the single-interface scattering matrix is reproduced by the low-energy theory. To leading order δV h (ζ, z) is proportional to the variance σ 2 of the rough interface. We are thus calculating the perturbative expansion for the rough interface at z = 0 about an effective x-independent (bare) permittivity, ε eff (ζ, z) = 1ε 2 (ζ)θ(z) + 1ε 3 (ζ)θ(−z) + δV h (ζ, z) .
δV h (ζ, z) has support near the surface at z ∼ 0 only 3 . To approximate scattering off a rough interface by an effective ε eff (ζ, z) is a conceptually appealing idea and not new [33, 34] . We develop a consistent low-energy approach in which this is realized perturbatively. Contrary to commonly used ansätze for the effective ε eff , δV h (ζ, z) generally is not isotropic.
The inherent limitations of the effective low-energy description derive from the fact that electromagnetic interaction with matter is encoded in the permittivity function. They are not restricted to a perturbative analysis. The dimensionless permittivity ε(ζ) = ε(ζ/ω p ) depends implicitly on a scale that can be identified with the plasma frequency ω p of the material. At momentum-or energy-transfers (or temperatures) that are much larger than ω p the effective low-energy theory of Eq.(2) fails to incorporate non-linear effects or to account for the creation of free charges. The ansatz that the permittivity does not depend on the profile furthermore is incorrect at wavelengths comparable to the plasma wavelength l p = 2π/ω p and a description in terms of the bulk permittivity of the homogeneous material is not warranted within the plasma skin depth of order l p . For gold surfaces commonly used ω p ∼ 0.046nm −1 ∼ 9eV. The low-energy description of electromagnetic interactions with such materials by Eq.(7) therefore is already questionable at wave numbers q ω p ∼ 0.046nm −1 that resolve less than 20nm or about 200 gold atoms. We will find that roughness corrections to the Casimir force with correlations lengths l c 1/ω p depend on momentum transfers q ω p that are inadequately described by the low-energy theory. The conservative approach is to use the effective low-energy theory to only compute roughness corrections with l c 1/ω p ∼ 20nm, a regime where the PFA generally is quite accurate. We improve on this by introducing phenomenological input.
It is interesting in this regard that many comparisons of theory with experiments in the literature are for correlation lengths l c ∼ 25nm ∼ 1/ω p Au . The unimproved theory is highly sensitive to l c in this regime and (re)produces large variations with only small changes in parameters. Roughness corrections computed with this unimproved model for such short correlation lengths are uncontrolled and in fact physically untenable [22] .
We herre compute roughness corrections that are consistent with the low-energy effective model by using low-energy (experimental) data to systematically subtract and correct high-momentum contributions to the loop expansion. The method is quite general [26, 27] and has been successfully applied to low energy effective field theories as diverse as chiral perturbation theory [28] and (quantum) gravity [27] . In our case it yields a consistent expansion in σ/a for any value of 0 < l c ω p < ∞ at the expense that the reflection of electromagnetic radiation perpendicular to the rough plate has to either be measured or be reliably modeled.
A. The Green's Function and Casimir Energy of Two Parallel Flat Interfaces
Schwinger obtained the free energy and the response to an external polarization source P n (x, z) = P (x, z; ζ n ) for three parallel slabs in the framework of the low energy effective field theory given by Eq.(2). The free energy in this case is [3] ,
Here F T is the well-known Casimir free energy for three parallel slabs,
where the reflection coefficients at the i-th interface of area A for the TE-and TM-modes are,
The response to the n-th Matsubara mode of an external source of polarization is,
Due to translational invariance in transverse directions, G (x, z, y, z ; ζ, a) is a function of x − y and the Fourierrepresentations in Eq.(14b) are,
G can be decomposed into a single-interface Green's dyadic G | (x − y, z, z ; ζ) = G (x, z, y, z ; ζ, a → ∞) where the second interface has been removed and the correction G |a| (x − y, z, z ; ζ, a) due to the presence of a second flat interface at mean separation a. In momentum space the latter vanishes exponentially for a → ∞,
Explicit expressions for components of G | (k, z, z ; ζ) and G |a| (k, z, z ; ζ) when z and z are in slab #2 or slab #3 are collected in App. A.
B. Perturbative Roughness Correction to the Casimir Free Energy: Greens Function Formalism
A straightforward perturbative expansion in the roughness potential V h is possible only for media with ε 2 − ε 3 1. Since the Casimir free energy itself is rather small, roughness corrections are not very important in this weak coupling scenario. However, the support of V h is restricted to |z| ≤ max x |h(x)| ∼ σ a and a perturbative expansion in σ/a may exist even for media whose permittivity is rather large. This expansion in fact is possible even for ideal metals.
The part of the free energy that captures the dependence on the average separation a of two interfaces is by definition the Casimir free energy due to their interaction 5 . In terms of the Greens-dyadic G of three parallel slabs satisfying Eq.(15), the full Greens-dyadic G for the combination of a rough and a flat interface formally is the solution of,
with,
The change in free energy due to roughness of one interface therefore is [32, 35] ,
where the trace includes a summation over Matsubara frequencies and over a complete set of scattering states. The expression in Eq. (20) is rather formal because it includes the change in free energy due to roughness in the absence of the second (flat) interface. This infinite single-body contribution to the free energy does not depend on the mean separation a. Subtracting from ∆F T [h, a] its value when the two interfaces are infinitely far apart gives the correction to the Casimir free energy due to roughness of an interface as,
is the formal scattering matrix due to the roughness potential V. T h does not depend on the separation a and describes scattering due to roughness in the absence of the second (flat) interface. Since high momenta are exponentially suppressed in G |a| , the Volterra series of ∆F
converges when the norm of T h G |a| is bounded and sufficiently small.
III. THE ROUGHNESS SCATTERING MATRIX T h
Noting that the component G | zz (k, z, y, z ; ζ) in Eq.(A1) includes a δ-function singularity, Eq.(22) can be rewritten,
in terms of the Green's dyadicG | with Fourier components,
and a new potentialṼ.G is devoid of δ-function singularities (but not continuous at z = 0) with components are given in Eq.(A7). To order σ 2 the potentialṼ is,
The reformulation of Eq. (22) in the form of Eq.(24) resums local contributions of the same order in h. It allows the formulations of a consistent perturbative expansion in σ even in the ideal metal limit ε(ζ) → ∞. Just as for V, the support ofṼ is restricted to to the interval |z| < max x |h(x)| ∼ σ only. SinceG | is free of ultra-local δ-function singularities, contributions to T h of n-th order inṼ are at least of n-th order in the standard deviation σ of the profile h.
To second order in σ we need only consider the first two terms of the Volterra series,
since the counterterm potential δṼ h is itself of order σ 2 (as will be seen). The second-order contribution T (2) of Eq. (27) is at least of order σ 2 and its integrated expectation to this order is,
Because dzṼ h (x, z, ζ) already is of order σ, the Fourier components of t (2) are 6 ,
zz components of the dyadic (see Appendix A) are discontinuous at z = 0, one has to separately consider correlators of positive and negative components of the roughness profile in Eq. (29) . With h ± (x) = h(x)θ(±h(x)), these signed correlators are, 
for a roughness correlation function D 2 (r) that is positive and monotonically decreasing with r = |x − y|. The signed correlators do not vanish and approach
Thus φ ∝ r α/2 for r ∼ 0 with an exponent α > 0. The expressions of Eq.(31) for small φ then imply the behavior,
After Fourier transformation the asymptotic behavior at large momenta ql c 1 of 
Whether or not loop integrals like Eq.(33) diverge depends on the roughness correlation function. For Gaussian correlations the integral converges,
but the roughness "correction" becomes (arbitrary) large for l c ∼ 0. This invalidates the perturbative expansion in σ/a and, for sufficiently small l c , violates unitarity. It furthermore is unphysical that roughness corrections to the scattering matrix with profiles of fixed variance become arbitrary large as l c → 0. For a scalar field and Gaussian roughness correlation, higher orders in the loop expansion are of the same order in σ/l c in this limit [22] . Assuming the scalar model is valid at all energy scales, we resummed the leading σ/l c contributions to the scalar Casimir energy and found that they amount to a change in the effective separation ∆a ∼ σ 2 /l c of the two interfaces. However, the effective low-energy electromagnetic theory of Eq.(2) evidently is not valid for momenta that far exceed the plasma frequency ω p . One furthermore is not assured that summing incorrect higher loop contributions in this effective low energy theory improves the situation. We therefore will not follow that line and proceed differently in this case.
For correlation functions with non-vanishing slope at r = |x − y| = 0, that is D 2 (r = 0) = 0, the situation is even more serious. For instance, the 2-dimensional Fourier transform of an exponential correlation function,
decays as a power law proportional to q −3 at large momenta. The integral in Eq.(33) and other (diagonal) components of the roughness correction t (2) in Eq. (29) to the single-interface scattering matrix in this case are logarithmic UVdivergent for any correlation length l c > 0 .
Experiment [19] does not distinguish Gaussian roughness correlations 7 , and roughness profiles with correlation lengths l c ω p 1 are readily manufactured. Restricting the model to a particular form for the roughness correlation would not address the fact that the effective low-energy theory does not describe high-momentum contributions to loop integrals correctly.
From a practical point of view the problem is that roughness corrections to the Casimir free energy and other lowenergy observables are exceptionally sensitive to high-frequency components of the profile because Ks(r √ 2s/lc). Ref. [12] uses a correlation in this affine class with s = 0.9 for which the loop integral converges but is sensitive to contributions from high-momenta. 
It is evident from Fig. 2 that the three profiles differ only in their high-frequency components. However, to leading order in the variance, corrections to the low-energy scattering matrix are extremely different for the three types of profiles. The roughness correction diverges in the exponential case a) but is finite for profiles b) and c). This sensitivity can be traced to the UV behavior of the 1-loop integrands like that of Eq. (33) . It is unphysical and an artifact of taking the low-energy effective theory beyond its limits.
Analogous difficulties arise in any non-renormalizable low-energy effective field theory [27, 28] and we here resort to a similar cure: whereas high momenta may dominate loop corrections to the scattering matrix, they generally are sufficiently suppressed in differences thereof. Differences of elements of the scattering matrix often can be reliably estimated within the framework of the low-energy effective field theory. However, phenomenological input is required to determine high-momentum contributions to loop integrals that are beyond the reach of the low-energy theory.
One for instance can rewrite t
where q = k − k, κ ε = (k + q) 2 + ζ 2 ε(ζ) and κ ε = q 2 + ζ 2 ε(ζ) in the last expression. The one-loop correction to t (2) xx (0, ζ) in Eq. (36) converges for any D(q) for which
The counter potentialṼ h includes two contributions of order σ 2 . It subtracts the one-loop contribution to the average scattering matrix at vanishing (transverse) momentum and replaces it by the phenomenological one. The latter is modeled by the tree-level plasmon contribution at vanishing transverse momentum. The plasmon couples to radiation due to the roughness of the surface only and its coupling g 2 σ 2 to this order is proportional to the variance of the roughness profile. The plasmon propagator (dashed) is the one-interface Green's functionG(z = z = k = 0). We show in the text that g 2 (ζ/ωp, lcωp) = 1 at low frequencies.
More importantly, the correction to t (2) xx (0, ζ) in Eq. (36) is of order (kσ) 2 and thus small at low transverse momenta for any correlation length l c of the profile. This correction to t (2) xx (0, ζ) thus is reliably computed in the framework of the low-energy theory.
It remains to estimate t (2) (0, ζ). This is the correction due to roughness to the (analytically continued) scattering matrix of an electromagnetic wave of frequency ω = iζ incident perpendicular to the rough plate. t (2) (0, ζ) is a single-interface low-energy characteristic that, at least in principle, can be derived from ellipsometric measurements of the rough interface. Instead of directly incorporating such experimental data, we here model the corrections of order σ 2 to the low-energy scattering matrix by the coupling to surface plasmons induced by roughness. We determine the coupling by demanding that this phenomenological description of t (2) (0, ζ) be consistent with the low-energy field theory in the limit of large correlation length and that the ideal metal limit exist at any correlation length.
Roughness couples electromagnetic radiation to surface plasmons [37] . At low transverse wave numbers this coupling is of the order of the rms-roughness σ. To order σ 2 the corresponding tree-level correction to the scattering matrix is schematically shown in Fig. 3 . The diagram depicts the creation, propagation and subsequent annihilation of a surface plasmon by an incident electromagnetic wave.
For k → 0 a surface plasmon on the interface of a flat plate at z = 0 propagates with the dyadic,
To second order in σ, the correction t (2) (0, ζ) to the scattering matrix at vanishing momentum transfer from surface plasmons thus is,
where g(ζ/ω p ; l c ω p ) is a dimensionless coupling that depends only on the frequency of the plane wave incident perpendicular to the rough plate. The coupling g(ζ/ω p ; l c ω p ) in general is not calculable within this low-energy effective model and has to be determined phenomenologically. We argue below that g 2 ∼ 1 at low energies. Since g(ζ/ω p ; l c ω p ) is a phenomenological function rather than just a constant, one could have directly modeled t (2) (k = 0, ζ). However, the ansatz of Eq. (39) is consistent with the low-energy scattering theory in the sense that roughness correlation functions for large correlation length l c ω p 1 approach representations of the δ-distribution
Loop integrals in the limit l c → ∞ become trivial and furthermore involve only momenta q ω p . Predictions of the low energy theory therefore should be reliable in the limit l c → ∞. Evaluating the loop integrals of Eq.(29) for k → 0 using Eq.(40) and comparing with the plasmon contribution of Eq.(39) this requires that ,
We will find that Eq.(41) not only ensures consistency, but also the existence of an ideal metal limit. It in addition ensures that the PFA to the Casimir free energy is recovered in the limit l c ω p → ∞.
At finite l c ω p 1 the coupling g(ζ/ω p , l c ω p 1) in principle has to be determined phenomenologically. However, the coupling is severely constrained if we impose some theoretical requirements. Since the range of frequencies ζ that contribute to the Casimir energy satisfy ζa 1 ω p a and the plasmon coupling does not diverge at low frequencies, we in the following ignore the ζ-dependence of g(ζ/ω p , l c ω p ) and for low frequencies approximate,
in Eq. (39) . Eq.(42) assumes that the plasmon coupling is strongest for an ideal metal l c ω p 1. Note that the fact that g is dimensionless links the ideal metal to the large l c limits.
To order σ 2 the subtraction of the one-loop contribution t (2) (k = 0, ζ) and its replacement by phenomenological plasmon scattering is implemented by a (local in transverse coordinates) counter term potential δṼ(ζ, z) of the form,
Note that the support of δV h (ζ, z) is in the immediate vicinity of z = 0 only. Due to rotational and translational symmetry of the rough plate, this "counter potential" is local and diagonal but anisotropic 9 . As mentioned in Sec. II, the counter potential may be interpreted as the modification of the dielectric permittivity (to order σ 2 ) in the vicinity of the flat interface necessary to describe the rough interface with permittivity ε and roughness correlation D 2 (x − y). There is no compelling reason for perturbing about a flat interface with the same permittivity as the rough one. We have seen that the expansion about a flat plate with the same permittivity is not consistent with the low-energy description, since it implies unacceptably high momenta in the loop integrals. Expanding instead about the bare permittivity function of Eq.(9) yields a better controlled approximation and Eq.(43) strongly suppresses high-momentum contributions to 1-loop.
IV. ROUGHNESS CORRECTION TO THE CASIMIR FREE ENERGY OF ORDER σ 2
We now evaluate the roughness correction to the Casimir free energy within the framework of the improved lowenergy effective field theory. From Eq.(23) and Eq. (27) we have altogether four contributions to order σ 2 ,
We consider them in turn.
A. The Seagull Contribution
The first is the seagull contribution of Fig. 4a given by, The expressions of Eq.(A8) in App. A here have been expanded for small z. There are (as expected) no corrections of order σ and the final line exhibits equally weighted contributions from both polarizations. Note that this remarkable simplification occurs only upon summation of all δ-function contributions to G zz -which gives an expansion inṼ h (defined in Eq. (26)), rather than in the original V h . This roughness contribution to the free energy is entirely local and does not depend on the correlation length l c . The loop-integral over transverse momenta and the sum over Matsubara frequencies are exponentially restricted to momenta 2aκ 1 and the evaluation of the seagull diagram using the low-energy propagators should be accurate for all aω p 0.5, that is for a 12nm in the case of gold plates. Due to the κ ε factor of the integrand, the contribution of Eq.(45) is proportional to ω p σ 2 /a 4 for aω p 1 T a and diverges in the ideal metal limit. Fortunately the seagull is not the whole story to order σ 2 .
B. The Single Diffusive Scattering Contribution
The other contribution to the Casimir free energy of order σ 2 from a single scattering off the rough interface corresponds to the diagram of Fig. 4b . This unsubtracted 2-loop contribution is formally given by,
with q = |k − k | and interaction vertices, A lengthy but otherwise straightforward evaluation of Eq.(46) using the expressions of Eq.(A9) and Eq.(A3) yields,
2(e 2aκ −r 2 )ε
The signed correlation functions in Eq. (46) 
C. The Counterterm Correction
As for t (2) in Eq. (29), the loop-integral of Eq.(48) generally includes high momentum contributions k ω p for which the low-energy description is not justified. The same 1-loop counter potential of Eq.(43) that corrects roughness corrections to the scattering matrix to 1-loop also removes the uncontrolled high-momentum contributions to the Casimir free energy and replaced them by the phenomenological plasmon contribution.
The correction of the Casimir free energy by this counter potential is shown diagrammatically in Fig. 4c and the two Feynman diagrams of this counter term are depicted in Fig. 3 . To order σ 2 the contribution to the Casimir free energy from the counter potential δṼ of Eq. (43) is,
This correction to the Casimir free energy remains finite in the ideal metal limit when Eq. (41) is satisfied. The existence of this limit is assured by the consistency of the low-energy theory in the limit l c 1/ω p . Using Eq.(40), the counterterm correction of Eq.(50) for l c ω p becomes,
and vanishes when Eq.(41) is enforced. This should be expected of a model that is valid at low energies. Note that the reason magnetic and electric modes do not enter the counter term correction symmetrically even at large correlation length is because we subtracted at k = 0: the factor κ
D. Contributions of Second Order in the Roughness Scattering Matrix
Both loop integrals of this contribution (represented in Fig. 4d ) to the Casimir free energy are exponentially constrained to low momenta k, k 1/(2a) ω p -a regime in which the low-energy description is expected to hold. We find that,
(e 2aκ −r 2 )(e 2aκ −r 2 )
For profiles with large correlation length l c 2a 1/ω p Eq.(52) simplifies to
when Eq. (40) holds.
Although l c a is a necessary condition for the PFA, the limiting expressions of Eqs. (49) and (51) evidently hold only when l c is large compared to a and 1/ω p . The latter restriction arises because the scattering matrix locally can be approximated by a flat surface only if the plasma length is shorter than the typical length scale of the surface structure.
For 
where F T (a) is the Casimir free energy for two flat parallel semi-infinite slabs at a separation a given by Eq. (12). This is precisely the roughness correction in PFA for a rough surface with h(x) = 0 and h 2 (x) = σ 2 . Although trivial, one should note that the PFA here emerges in the limit of large l c from requiring consistency of the low-energy effective field theory. It is due to the absence of high-momentum contributions in this limit and does not require any additional phenomenological input.
It perhaps is remarkable that the requirement of Eq.(41) not only guarantees that the PFA is recovered in the l c → ∞ limit but also ensures the existence of an ideal metal limit. If g 2 is analytic at zeta = 0 one can argue that ζ/ω p and 1/(l c ω p ) (see Eq.(58)) corrections are absent and g 2 for large ω p has the expansion g 2 = 1 + O(ζ 2 /ω p 2 ). The ideal metal limit in this case is uniquely given by,
Note that the counter term contribution of Eq.(55c) does not vanish and cancels the contribution from high kmomenta in Eq.(55a) also for the ideal metal. High-momentum contributions to the roughness correction thus persist in the ideal metal limit. Without counter term this perturbative correction would diverge for l c → 0 (and for some correlations would diverge for all l c ). This apparently is at odds with exact calculations for square-wave profiles [16] and demands an explanation. The reason for convergence of the exact calculations in the limit l c → 0 (and divergence of the unsubtracted perturbation theory) for such profiles is subtle and related to the fact that for l c σ the leading term in the exact calculation is O(σ) and not O(σ 2 ) as perturbation theory suggests [16] . The non-analytic dependence on σ for l c → 0 arises due to an effective UV-cutoff in the exact calculation of O(σ) -there is no other scale to compare with in this limit. Ignoring this effective cutoff (as a perturbative expansion in σ does ) leads to an UV-divergent expression in the limit l c → 0. The non-analyticity of the exact result for σ/a 1 in the limit l c → 0 is only possible if wave-numbers of order 1/σ of the profile contribute significantly. The non-analyticity in σ in this sense implies that high-momenta 1/a < k < 1/σ must dominate the exact Casimir energy calculation for an ideal metal in the limit 0 ≤ l c < σ ∼ 0. A simple model that qualitatively reproduces this explanation of the non-analytic dependence on σ is obtained by replacing l c → l c + γσ in the Gaussian correlation function of Eq. (34) where the constant γ is of O(1). For l c σ one recovers the quadratic perturbative dependence on σ in leading order, but for 0
integral that gives this leading (non-analytic) behavior is due to momenta k ∼ 1/σ 1/a. Although the exact evaluation of such high-momentum contributions is of itself correct, the low-energy description used to compute them is not justified. The fact that the plasmon contributes and the counter term of Eq.(55c) removes high momentum contributions even for an ideal metal indirectly supports the assertion that roughness corrections of real materials in fact remain analytic in the variance σ 2 even in the limit of uncorrelated roughness.
G. The Limit of Uncorrelated Roughness and the Plasmon Coupling g 2
The high-roughness limit l c 1/ω p is obtained by examining the loop integrals in Eqs. (45), (48), and (50) at large momentum transfers q = |k − k|. In the limit of uncorrelated roughness l c → 0 the correction is,
Note that the correction to the Casimir free energy for l c = 0 is strictly negative when g 2 ≤ 1. The Casimir free energy of a rough interface thus is always larger in magnitude than of a flat one at the same average separation. We believe this is the result of two opposing effects. The specular reflection off a rough surface with vanishing l c but finite σ never is quite the same as that off a flat interface with the same bulk permittivity: the situation is analogous to the change in bulk permittivity due to the inclusion of sub-wavelength spheres of a different material. Since the included "material" in this case is vacuum with ε = 1, the effective reflection coefficient decreases compared to that for the flat plate. This effect by itself would tend to decrease the Casimir free energy in magnitude for l c → 0. However, this decrease is more than compensated by the reduced separation to this effective interface.
The ideal metal limit of Eq.(56) exists only for g 2 → 1 and is analytically given by,
κ(e 2aκ − 1)
The ideal metal and l c → 0 limits in fact commute and g 2 → 1 is required for the ideal metal limit to exist. Assuming that g 2 (ζl c , l c ω p ) is analytic in both arguments, the existence of an ideal metal limit implies,
We therefore have that g 2 = 1 at low frequencies for any value of l c and ω p . We in the following therefore consider only,
V. THE EFFECTIVE LOW-ENERGY FIELD THEORY OF ELECTROMAGNETIC INTERACTIONS WITH ROUGH SURFACES.
Although we obtained a roughness correction that is compatible with the low-energy theory of Schwinger by a Greens-function approach, it is instructive to construct the effective low energy field theory from which these corrections derive. The effective field theory allows one to in principle explore other approximations and corrections. It also provides a general framework for systematically taking into account higher orders or for including other interactions. In this formulation the necessity of counter terms furthermore is readily apparent.
A. The Generating Functional of Roughness Correlations
The construction of the field theory is based on the generating function of the roughness correlation functions rather than the roughness correlations themselves. This approach was already used in the scalar case [22] . The n-point roughness correlation functions for an interface of (large) area A with a particular profile h(x) are the averages,
The interface is assumed large enough for boundary effects to be negligible. Transverse translational invariance then implies that these correlations depend only on differences of the transverse coordinates 10 . Isotropy of the roughness profile yields further restrictions: the n-point correlation function in this case depend only on distances between the points. We assume that the profile and therefore all n-point correlation functions of Eq.(60) can, at least in principle, be measured when the rough interface is far removed from the other. The mean separation a between the two interfaces is determined so that Eq. (4) holds, that is the (constant) one-point function D 1 vanishes. We formally collect all roughness correlation functions of Eq.(60) for a particular profile h(x) in a single generating functional
Note that Z h depends on a particular profile h(x). None of the D n are averages over different profiles. For another profile some or all of the correlations defined by Eq.(60) change and so does the functional Z h [α].
However, for constructing the field theory it is expedient to directly model Z h [α] instead of computing the individual correlation functions of a given profile h(x). With the restriction of Eq.(4) that the 1-point function vanishes, the simplest model of a rough interface is entirely determined by its 2-point correlation D 2 . The generating functional of such a (quadratic) Gaussian model is of the form,
In general Eq.(62) is only the leading quadratic term in a cumulant expansion of Z h . A Gaussian generating functional relates all higher order correlations to the 2-point function. In App. B we for instance determine signed correlation functions in terms of D 2 for such a model. Stochastic roughness is fully described by the covariance of the profile and a Gaussian model by definition is exact in this case. A Gaussian model for the generating functional also suffices to obtain corrections to the free energy and the scattering matrix to leading order in the variance of the roughness profile. To order σ 2 the correlations of a periodic 1-dimensional profile h ω (x) = σ sin(ωx) can be found using a Gaussian model, but the four-point correlation function in this case is only half of what the Gaussian model asserts,
To correctly obtain effects due to a periodic profile to order σ 4 requires the inclusion of a 4 th order cumulant. Note that the 2-point correlation D ω 2 in Eq.(64) of a periodic corrugated profile is not positive definite and has no probabilistic interpretation. However, in momentum space it is proportional to the sum of two δ-functions and therefore positive semi-definite.
The basis for a field theoretic approach to roughness is that any analytic functional R[h] of the profile h(x) with translation invariant coefficients can be evaluated using Z h [α]. To show this, consider a typical monomial in the Taylor expansion of R[h] for small profiles,
The first equality in Eq. (65) 
B. The Partition Function of the Low-Energy Effective Field Theory
In the presence of external sources of polarization P n (x, z) = P (x, z; ζ n ), Schwinger's free energy for two parallel interfaces is given by Eq.(11). The partition function for a flat and a rough interface described by the profile h(x) corresponding to the potential V(ζ, h(x), z) of Eq.(19) therefore formally is,
where V n [h] is the functional derivative operator,
representing the interaction of the n-th Matsubara mode with the roughness profile h(x).
C. Counter Terms of the Low-Energy Effective Field Theory
The counter potential of Eq.(43) corresponds to a functional derivative operator of the form,
It corrects for polarization effects due to surface roughness. Note that the counter potential of Eq.(43) in Eq. (69) has support in the immediate vicinity of the plane at z = 0 only and does not depend on the transverse position x nor on the mean separation a of the two interfaces. The counter potential δV h (ζ) should ensure that the scattering of electromagnetic waves incident perpendicular to the rough surface is reproduced.
We in addition have to include a counterterm δF [h] to the free energy that is a functional of the profile h(x). It vanishes for h(x) = 0 and has the expansion, with translation-invariant n-point coefficient functions c n that depend only on transverse coordinate differences. These coefficient functions are used to systematically remove corrections to the correlation functions of the profile h(x) in the presence of electromagnetic interactions. The constant 1-point counter term c 1 (a, T ) ensures that h(x) = 0 at any separation a and temperature T . c 1 (a, T ) is the only coefficient that may depend on a and T because its contribution to the free energy in fact vanishes for profiles that satisfy Eq. 
This counter-term to the free energy therefore does not affect thermodynamic state functions like the enthropy or pressure. It cancels loop contributions to the energy (at T → 0) when the flat interface is removed (a → ∞). The Casimir free energy remains (its finite, a-dependent value at T = 0 is the Casimir energy).
In obtaining the Casimir free energy by the Green's function method the contribution to the free energy from the counter term coefficient c 2 (x − y) was implicitly taken into account by subtracting ∆F T [h, ∞] in Eq. (21) . Requiring the absence of one-loop corrections to the 2-point roughness correlation at large separation a and temperature T = 0 determines c 2 (q). The Feynman diagrams involved in this condition are shown in Fig. 5 . The counter term c 2 also ensures that there is no single-interface correction to the Casimir energy at T = 0. For T > 0 a finite a-independent contribution to the single-interface free energy remains that we have not calculated here.
The Green's function approach implicitly also accounted for contributions of c 1 (a, T ) by simply assuming that Eq.(4) holds to order σ 2 . c 1 (a, T ) cancels tadpole contributions to the scattering matrix (see Fig. 6 ) and 1-particle reducible contributions to the Casimir free energy like those of Fig. 7 vanish in this case.
We defined the mean separation a by Eq.(4) and demanding that corrections to h ± (x) vanish determines c 1 (a, T ) FIG. 7. 1-particle reducible dumbbell contributions to the free energy that are cancelled by the c1 counter term given in Eq.(72). 1-particle reducible contributions to the free energy are of order 1/T at low temperatures and would violate Nernst's theorem.
to one loop. The diagrammatic form of this condition is shown in Fig. 6 and evaluates to,
where c 1 (∞, T ) is the (infinite) one-interface contribution that does not depend on the separation a. The interpretation of Eq. (72) is straightforward and could have been anticipated: for h = 0, the separation a is redefined at one loop. Since
To leading order in h , the c 1 -counterterm arises from the free energy of two parallel flat interfaces at separation a B , where a = a B + h , is the separation at which Eq. (4) holds. The a-independent but temperature-dependent contribution from c 1 (∞, T ) similarly is the difference in free energy due to a shift of a flat interface by − h . The bulk contribution to the free energy density thereby increases by,
/V is the free energy density of a photon gas in a homogeneous medium with permittivity ε(ζ). The difference in free energy density in the dielectric and in vacuum depends on the permittivity ε(ζ). For the plasma model with ε(ζ) = 1 + (ω p /ζ) 2 , this separation-independent contribution to the free energy is,
where the modified Bessel function
The generally infinite constant c 1 (∞, 0) does not depend on temperature nor on the separation a. It is sensitive to the behavior of ε(ζ) at energies ζ ω p . Estimating this contribution to the free energy in the framework of the low-energy effective theory is meaningless since the loop integral is dominated by momenta and energies k, ζ ω p . For the sake of completeness, this formal contribution with a proper time cutoff β is,
It is a quadratically and logarithmically UV-divergent constant contribution to the total energy of the system. It may be absorbed in the counter term c 0 and in the absence of gravitational interactions has no physical implications.
D. The Complete Low-Energy Effective Field Theory
Since the Greens-function G of parallel interfaces as well as the counter terms are invariant under transverse translations, the partition function Z T ( P = 0, h) defined in Eq.(67) for vanishing polarization sources is a functional of the roughness profile h(x) with translation-invariant coefficients. We thus can use Eq.(66) to evaluate it using the correlation functions of the profile h(x) rather than the profile itself. We therefore have that,
with Z α [h] defined by Eq.(61). The complete generating functional of the Gaussian model we are considering thus is, 78) with respect to the scalar source α and Z defines the loop-expansion in the usual manner. The main difference to ordinary field theory is that all correlation functions of h(x) are prescribed and counter-functions enforce the absence of any corrections to them at T = 0 and a ∼ ∞. The low energy effective field theory encoded by Eq.(78) evidently is not renormalizable -new counter terms (functions) are required at each order of the loop expansion. The three counterterms c 1 , c 2 of δF [h] and δV h suffice at the 1-loop level since only the connected two-point functions and h are superficially UV-dominated if D 2 (0) = σ 2 is finite. Instead of employing the Green's function approach, one can derive the loop corrections to the free energy from Eq.(78). The Casimir free energy to one loop is the same in both approaches. However, the generating functional Eq.(78) of the low-energy effective theory has conceptual and methodical advantages: once the set of counter-terms is determined, the field theory yields consistent low-energy results not just for the Casimir energy, but for the scattering matrix as well. No ad-hoc arguments and procedures are required to cancel uncontrolled high-energy loop corrections and the necessity of the counter terms and their interpretation is readily apparent.
VI. NUMERICAL INVESTIGATIONS
We numerically investigated the correction ∆F Cas T (a) to the Casimir free energy given in Eq.(44) due to the roughness of an interface. To order σ 2 this correction is linear in the roughness correlation function and one may define [17] a response function R T (q, a), 50) is omitted as a function of the dimensionless variable q/ω p . The low-energy theory is in the shaded momentum region q/ω p < 1. Note the linear rise of the lowenergy response function for all separations a in the uncontrolled region q/ω p 1. The integration weight qD(q) for Gaussian and exponential roughness correlation with a typical correlation length l c ∼ 1/ω p is superimposed. A sizable contribution to the roughness correction in Eq.(79) evidently is due to loop momenta q > ω p for which low-energy expressions are unreliable.
Inclusion of the counter potential gives a constant high-momentum response. Fig. 9 shows the response functions with and without the counterterm contribution of Eq.(50). With the same model for the bulk permittivity of gold, the response function shown in Fig. 3 of Ref. [17] is reproduced when the counter-potential is omitted. Inclusion of the counter potential gives a constant high-momentum response and the correction to the Casimir (free) energy is of order σ 2 . Note that with g 2 = 1 the response at q = 0 does not change. The correction to the Casimir energy at T = 0 for Gaussian roughness with and without inclusion of the counter term of Eq.(50) is shown in Fig. 10 . Whereas the PFA-limit l c → ∞ coincides for both cases, the behavior is remarkably different at finite l c . Including the counter term of Eq.(50) the roughness correction to the Casimir energy decreases in magnitude for decreasing correlation length and approaches a finite (uncorrelated) limit for l c → 0. Roughness increases the Casimir force but the PFA is an upper bound in this case. The ratio of the roughness correction to the PFA furthermore approaches a constant, l c -dependent, value with increasing separation rather than increasing indefinitely as in the unsubtracted case (for exponential roughness, the roughness correction without the counter term of Eq.(50) would diverge at any separation and for all l c ). Let us also note that for l c 1/ω p the roughness correction at large separations is less than 50% of the PFA prediction. Although we here are considering only perturbative roughness corrections, the suppression at large separations for l c 1/ω p is of a similar magnitude as that observed [25] for machined profiles with correlation length l c ∼ 1/ω p .
B. (In)sensitivity on High Momentum Components of the Roughness Correlation
The counter potential δV h was introduced to correct for uncontrolled high-momentum contributions to loop integrals with the help of phenomenological input. We therefore investigated the sensitivity of the roughness correction to the correlation function D(q) numerically. Fig. 11 shows the ratio of the correction for Gaussian-and for exponentialroughness of the same correlation length l c . The two are identical for l c = 0 and l c ∼ ∞ (PFA) at any aω p . The (dimensionless) ratio of these corrections never drops below 85% for any separation aω p and correlation length l c ω p . Without counter potential this ratio is infinite. Exponential roughness always gives a smaller correction than Gaussian roughness of the same correlation length and variance. The two correlation functions provide rather similar descriptions of low energy scattering and the low-energy effective theory with counter potential depends only weakly on their (very different) behavior at high momenta. 2 is characterized by the plasma frequency ωp. The dependence on q/ωp of the ratio is shown for aωp = 2.31(top,red), 9.24(middle,blue) and 18.48(bottom,black). For ωp = 0.046nm −1 ∼ ωp(Au) the normalized response without counter potential (dashed) is identical with that of Fig. 3 in Ref. [17] at separations of a = 50, 100, and 200nm. Note that the renormalized roughness response is monotonically decreasing and approaches a constant at large momenta that is a factor of 2-3 smaller than the response at q = 0. Most of the correction to the Casimir energy in this case arises from the shaded integration region q/ωp < 1 where the low-energy description is valid.
C. Comparison with Experiment
The low energy theory for electromagnetic interactions with rough surfaces ultimately must be compared to experiment. Unfortunately only very few studies are dedicated to the systematic investigation of Casimir forces between rough surfaces. Many employ non-isotropic machined surfaces with rather large σ/a-ratios [24, 25] that are not accessible perturbatively. Nevertheless, these experiments qualitatively contradict the predictions of exact calculations, that essentially any kind of roughness tends to increase the Casimir force above the PFA estimate. A notable exception is a series of investigations of isotropically rough surfaces by Palasantzas et al. [11, 12] . For sufficiently rough surfaces, this group does observe (see Fig. 3 of Ref. [12] ) an increase of the Casimir force by 200-400% at small separations. This sharp increase in the force was attributed to particularly high islands of the surface profile that can also be seen in some of the AFM scans of the gold surfaces. The pronounced effect of such islands is beyond the scope of a perturbative analysis and was explained by a semi-empirical approach [13] based on the PFA.
However, gold films with 100nm and 200nm thickness of relatively low roughness appear to be almost free of such buildup effects. At small separations the force in these cases is smaller than the PFA prediction. In Fig. 12 we compare the low-energy theory to the measurements of Ref. [12] on these thin films. The experiments measure the force between a gold-coated sphere and a gold-coated plate. Both surfaces are rough, but their profiles are uncorrelated. For two parallel rough gold-coated plates the correction to the Casimir energy to leading order in σ/a is that for a single rough plate with a roughness correlation that is the sum of the roughness correlations functions of the sphere and the flat plate,
We use Derjaguin's PFA approximation [5] to correct for the curvature of the sphere of radius R = 100µm a. The force f T (a) at temperature T between the sphere and a plate with (closest) separation a in this approximation is,
where F Cas T [a]/A is the Casimir free energy per unit area (not the pressure) of two parallel rough plates. Due to the large radius of the sphere, this is an excellent approximation for separations a < 200nm ∼ R/500. Fig. 12a gives the ,solid) . Note that the lc → 0 curve (red) is a lower bound that exists only in the renormalized case. The counter term vanishes in the PFA limit lc → ∞ (orange), and this limit is the same for both. Whereas the PFA is an upper bound for the magnitude of the roughness correction when the counter potential is included, it is a lower bound without. The ratio of the roughness correction to the PFA at finite lc approaches a finite value at large separations when the counter term is included whereas it otherwise increases indefinitely. The roughness correction in the subtracted case at large separations is less than 50% of the PFA-prediction when lc 1/ωp. Except for lc = 0, the roughness correction approaches the PFA estimate at sufficiently small separation, but it quickly decreases and approaches the lower bound for lcωp < 1.
ratio ρ(a) of this force to the Casimir energy per unit area F T [a]/A of two flat parallel gold plates with separation a,
at T = 0. The experimental Casimir force for the rough sphere and plate at separations σ a < l c is up to 30% greater than the Casimir energy for flat plates.
Since we do not differentiate between contributions from high and low peaks of the roughness profile and only use a single correlation function, all standard deviations of Ref. [12] were multiplied by a factor of 1.7. We used σ Sph = 8nm, σ 100 = 2.6nm and σ 200 = 4.3nm for the coatings of the sphere, 100nm and 200nm thick films respectively. These standard deviations also approximately correspond to those estimated from the AFM-scans of these surfaces (see Fig. 1 in Ref. [12] ). The correlation lengths l = 25nm are those of Ref. [12] . The ratio ρ(a) for the 200nm thick film is well reproduced by the low-energy theory with exponential as well as with Gaussian correlations. We only show the result for exponential roughness in Fig. 12 , but the fit for Gaussian roughness is of similar quality. For comparison we show the roughness correction in PFA for the same standard deviations.
The ratio ρ(a) is close to unity at larger separations 100nm < a < 150nm where roughness corrections are relatively small. While this on average is approximately observed for the 200nm film, the ratio for the 100nm film is systematically about 6% above unity at larger distances. To correct for this (unexplained) discrepancy we multiplied the force (34)(G). In the PFA (lc → ∞) and uncorrelated (lc → 0) limits the corrections coincide but differ by up to 15% at some separations. For the same variance σ 2 and correlation length lc, the roughness correction with exponential correlation is always smaller than with Gaussian correlation. Note that the two types of roughness correlation approach the PFA quite differently: at large separations the corrections still differ by over 5% even for lcωp ∼ 100.
observed on the 100nm thick film by 0.94 before 11 comparing with theory. From a practical point of view the comparison in Fig. 12b with the Casimir energy of two parallel flat plates at a slightly smaller separation a eff = a − δa perhaps is more useful. The Drude-model permittivity describing reflection off these effective flat plates in Ref. [12] was obtained from ellipsometric measurements on the rough surfaces. We merely adjusted δa for the best fit. Fig. 12b shows that effective flat surfaces at a reduced separation a − δa reproduce the low-roughness data remarkably well. [The force data of the 100nm film was multiplied by the same correction factor of 0.94 as in the graph of Fig. 12a . ] Since ellipsometric measurements on thin films are quite standard, this observation essentially reduces low-roughness corrections to Casimir energies to a determination of the optimal shift δa. Instead of measuring the absolute average distance between the profiles of two rough surfaces (in itself a delicate procedure that involves a number of corrections), we suggest that precision Casimir studies with low-roughness surfaces simply determine aneffective separation for flat plates with the measured (perpendicular) reflection coefficients. Fig. 12b is evidence that the data at small separations robustly determines this distance to better than 1nm, at the same time all but eliminating the need for roughness corrections.
VII. CONCLUSION
We obtained roughness corrections to low-energy scattering and the Casimir free energy in the framework of Schwinger's effective theory of low energy electrodynamics. The energy scale in this theory is the plasma frequency ω p ∼ 0.046nm −1 ∼ 9eV of typical materials like gold. We found that roughness corrections generally include large ∼ 33nm. a) The ratio of the force on the rough plate to the Casimir force between a gold-coated flat plate and a smooth sphere at the same mean separation. A Drude parametrization of the permittivity with ωp = 9eV, γ = 0.045eV was used. (Red) dots is the ratio for experimental data of Ref. [12] . The measured force on the 100nm thick plate was multiplied by a correction factor of 0.94 (see text for details). The solid (blue) line is our best theoretical fit to this ratio with the indicated parameters for the roughness correlation function of the plate in Eq.(80). Note that the ∼ 30% enhancement at separations a ∼ 20nm is well reproduced for both films. The dashed line gives the PFA for roughness of the same total variance. b) The ratio of the force on the rough plate to that between a smooth sphere and a flat plate at the separation a − δa. The indicated ωp eff for the effective permittivity of the flat plate was obtained from ellipsometric measurements [12] on the rough ones. We assumed the same effective plasma frequency ωp Sph eff = 7.5eV for the sphere as for the (similarly rough) 200nm film. The solid (blue) line gives the ratio to the force on the effective flat plate and sphere for the same force including the roughness corrections shown in a). Note that this ratio of the force with roughness corrections to that between a flat plate and smooth sphere with the measured reflection coefficients at a reduced separation is close to unity for all separations.
contributions from high momentum excitations. Evaluating them in the low-energy framework is inconsistent and notoriously unreliable. We emphasize that this is not a limitation of the perturbative approach developed here: exact (numerical) solutions of a model can also only be as accurate as the model itself. The Casimir energy of shortwavelength periodic rectangular profiles for instance involves momenta at which a description in terms of the bulk permittivity of the material breaks down and the mathematically exact analysis of such a model can lead to physically erroneous conclusions. Using the bulk permittivity to describe scattering off profile structures with sizes of the order of the inverse plasma frequency or smaller (about 25nm for gold) is not justified. Effects due to roughness on the scale of the plasma frequency generally are grossly overestimated by the uncorrected low-energy theory. This has been experimentally verified for machined profiles with a period λ 2π/ω p : the exact calculations [38, 39] for such profiles tend to over-estimate the observed [25] Casimir force by factors of 2-3.
We presented a perturbative analysis of roughness corrections based on a low-energy effective field theory that employs counter-terms to correct for uncontrolled high-momentum contributions. The counter terms subtracts highmomentum contributions to loop integrals at the cost of phenomenological input. Apart from correlations of the roughness profile itself, we in addition modeled the averaged single-interface scattering matrix at vanishing transverse momentum by the plasmon contribution. To leading order in the roughness variance σ 2 this semi-empirical ansatz depends on a single coupling constant g 2 . Consistency of the low-energy theory and the existence of an ideal metal limit at any correlation length constrains this dimensionless coupling to g 2 = 1 at low energies (see Eq. (59)). The resulting low-energy theory is free of high-momentum contributions to one-loop integrals, approaches the PFA for l c ∼ ∞ and has a finite ideal metal limit for any l c . It is relatively insensitive to the high-momentum behavior of the roughness correlation function and has a drastically different but more transparent dependence on l c than the uncorrected model. Instead of large (infinite) differences, roughness correlation functions that differ only at high momenta now give similar low-energy predictions. Roughness of shorter correlation length no longer increases the Casimir force (indefinitely). Instead the magnitude of the force decreases with decreasing correlation length and approaches a finite lower bound for uncorrelated roughness.
Although the coupling g 2 in the plasmon contribution to the counter-term potential Eq.(43) was constrained to g 2 = 1 by selfconsistency and the existence of certain limits of the effective low-energy theory, this is a model for the roughness contribution to the average scattering matrix at low transverse momenta. It may be phenomenologically preferable to parameterize empirical data for this component of the scattering matrix instead. However, there is some evidence that the plasmon describes low-energy scattering due to roughness reasonably well. It in this sense is a reasonable model for the leading roughness correction that is relatively simple and consistent with the low energy theory.
Interestingly the PFA is accurate at small separations only for l c 1/ω p and at large separations may overestimate the correction to the force by up to 250% (see Fig. 10 ). For l c 1/ω p the roughness correction to the Casimir energy is significantly (a factor ∼ 1/2 − 1/3) below the PFA prediction at all but the smallest separations. The ratio remains approximately constant for a ∼ ∞ and does not increase with increasing separation as in the uncorrected model. Although we considered only isotropic roughness profiles, it perhaps is interesting that the reduction of the correction compared to the PFA prediction by a factor of 2 for l c ∼ 1/ω p is of the same order of magnitude as the experimental reduction in the overall force observed [25] by experiments with corrugated rectangular wave profiles.
The Casimir energy of low-roughness profiles was found to be essentially that of flat plates with the measured reflection coefficients at a distance that is slightly smaller than the mean separation of the interfaces. The change in separation is less than the standard deviation of the rough profile. Although the precise value of this shift depends on properties of the profile, this observation enables one to empirically correct for (low-level) roughness and accurately calibrate the effective separation in the plate-sphere geometry.
For conceptual reasons we here derived all expressions for the Casimir free energy at finite temperature, but only investigated implications of this theory at T = 0. We intend to extend the numerical investigations to finite temperature in the future. Although the roughness correction at finite temperature is not expected to change at small separations, the regime 1 < a/l c < aT where temperature and roughness corrections are of similar importance could be of some interest.At this point we only wish to observe that the summands in all expressions at finite temperature are finite when ζ → 0 for any reasonable permittivity function (Drude-or plasma-model). Predictions of this low-energy effective field theory at temperatures 2πT > ω p ∼ 2 × 10 4 o K nevertheless would be meaningless.
where the g E and g H solve the differential equations,
One recovers the Green's function for arbitrary transverse momentum k by rotation about the z-axis, (k, z < 0, z < 0; ζ) with i = E or H .
We divide the reduced Green's functions into g κ2+κ3 (e −κ2z−κ3z + r 2 e −κ2z+κ3z ) h ± (x) = h(x)θ(±h(x)) = ± 1 2π lim
±iβh(x) = ± lim 
The expectation in Eq.(B3) is of the form given in Eq.(B1) with α(x ) = i(β 1 δ(x − x) ± β 2 δ(x − y)) and therefore evaluates to, e i(β1h(x)±β2h(y)) = e
where the symmetric real, and positive 2 × 2 matrix,
has determinant det M ± = D 
with a = 
with a = (k 2 + k 2 )l
